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(1) $Ru$ 4060 4060
3 ( 53
( ), 2008 8 )
(2) 28 5 2-design $Ru$
4060 rank 3 graph ( Rudvalis
28 ( ), 2011 6 )
$Ru$ 4060 rank
3(1 orbit 3) rank 3
(4060, 1755, 730, 780) strongly regular graph 1
1755 2 2
730 780
1 $2F_{4}(2)$ ( twisted)













[5] [6] R. A. Wilson
Rudvalis $Ru$ $\mathbb{Z}[i](i=\sqrt{-1})$ 28
(complex lattice) $L$ Aut $(L)$ 4 $\cdot$ $Ru=$
$2\cdot(2\cross Ru)$ $i$ 4
28 $U_{3}(3)$ 2 28 index
monomial ( $M$ )
$2^{6}\cdot G_{2}(2)\cong(2^{6}:U_{3}(3))\cdot 2$
lattice $L$ $4060\cross 4$ short vectors 3 (
(i), (ii), (iii) $)$ $M$-orbit
ATLAS
$e_{a},$ $e_{b}$ $e(\infty),$ $e(z, t)$
(i) $e_{a}+e_{b}+e_{a+b}+e_{a-b}$
(ii) $\frac{1}{2}e(\infty)+\frac{1}{2}\sum\{e(t, 0)+e(t-i, t)-e(i-t, t)-ie(t, 1)-ie(t, -1)\}$







monomial group $M$ Aut $(L)$




(3) : $2\cong G_{2}(2)$
9
(3 ) 1 4 4 (
51
) $i$ :




( ) $V=\mathbb{F}_{9}^{3}$ ( )






$U_{3}(3)$ : $2\cong G_{2}(2)$
$V$ $0$ , $0$ $\Omega,$ $\Gamma$ ( )
1 ( $[v]=\mathbb{F}_{9}v$ ) $\Omega^{*},$ $\Gamma^{*}$
$\Omega=\{v\in V\backslash \{O\}|(v, v)=0\}, \Omega^{*}=\{[v]|v\in\Omega\}$
$\Gamma=\{v\in V|(v, v)\neq 0\}, \Gamma^{*}=\{[v]|v\in\Gamma\}$
$U_{3}(3)$ 28 $\Omega^{*}$ 2
$\Omega^{*}$ 2 $[a],$ $[b]$ 2 $\langle a,$ $b\rangle$ (2
) $\Omega^{*}$ (1 ) 4
$(a, b)=i$ ( $-i$) $[a],$ $[b],$ $[a+b],$ $[a-b]$
4 hyperbolic line hyperbolic hne
$63(=(28\cross 27)/(4\cross 3))$ short vector (i)
$V$ ( ) $\mathcal{B}$
$\mathcal{B}=\{\{[v_{1}], [v_{2}], [v_{3}]\}|(v_{i}, v_{j})=0(i\neq j), V=\langle v_{1}, v_{2}, v_{3}\rangle\}$
$[v_{i}]\in r*$
$a\in\Gamma$ $a$ 3 3
$L(a)$ $\mathcal{L}$ $|\mathcal{B}|=|\mathcal{L}|=63$
2 $a\in\Gamma$
hyperbolic line $\mathcal{L}$ hyperbolic line
$(\mathcal{B}, \mathcal{L})$ $U_{3}(3)$ $G_{2}(2)’$ rank 2 building
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3.2. $(\mathcal{B}, \mathcal{L})$ order (2, 2) generalized hexagon
( ) $\mathcal{B}\cup \mathcal{L}$ 2




3 $D,$ $E(\neq)\in \mathcal{B}$
$D$ $E$ $1\Leftrightarrow D$ $E$
$D$ $E$ $2\Leftrightarrow D$ $E$
$D$ $E$ $3\Leftrightarrow D$ $E$
$\mathcal{B}$ $S$ $S^{\perp}$ $S$ 2
$\mathcal{B}$ $S^{\perp\perp}=S$
3.3. $D,$ $E(\neq)\in \mathcal{B}$ $F$ $\{D, E\}^{\perp\perp}=\{D, E, F\}$
$D,$ $E$ 1 $\{D, E, F\}\in \mathcal{L}$ ordinary line
$D,$ $E$ 2 $\{D, E, F\}$ ideal hne Ronan [4]
ideal line $(D, E F )$ classical (
Lie ) generalized hexagon $D,$ $E$ 3
$F$
28 $\Omega^{*}$ $\mathcal{P}(\Omega^{*})$ $\Omega^{*}$
$\mathcal{P}(\Omega^{*})$ $(X+Y=(X\cup Y)\backslash (X\cap Y))$
2 28
$\emptyset$
$E=\{[a], [b], [c]\}\in \mathcal{B}$ $\Omega^{*}$ $\delta(E)$
$\delta(E)=\{[v]\in\Omega^{*}|(v, a)(v, b)(v, c)\neq 0\}$
$a,$ $b,$ $c$ $[v]$ $a,$ $b,$ $c$ hyperbolic
line $|\delta(E)|=28-4\cross 3=16$
3.4. $D,$ $E(\neq)\in \mathcal{B}$ $D,$ $E$ 3.3 $F$
$\delta(D)+\delta(E)=\{\begin{array}{ll}\delta(F) (D, E 1 2)\delta(F)+\Omega^{*} (D, E 3)\end{array}$
$\{\emptyset, \Omega^{*}, \delta(E), \delta(E)+\Omega^{*}|E\in \mathcal{B}\}$ ( $=$ )
$\mathcal{P}(\Omega^{*})$ 7




$\delta(E)$ hyperbolic line 4 4
( ) Shrikhande graph
( ) $\mathbb{Z}/4\mathbb{Z}\cross \mathbb{Z}/4\mathbb{Z}$
$(i,j)$ $(i, k),$ $(k,j),$ $(i+k,j+k)(k\in \mathbb{Z}/4Z)$
( 9 6 )
$\bullet\cdots\triangle_{3}(a)$
$\bullet$ . . . $\triangle_{6}(a)$
$\star,$ $\cdots\triangle_{+}(a),$ $\Delta_{-}(a)$
$a=(O,O)$ (1,0) (2,0) (3,0)
strongly regular graph rank 3
2 1
$[a]\in\delta(E)$ 2 orbit





Shrikhande graph $[a]$ $(0,0)$
$\Delta_{3}(a)=\{(2,0), (0,2), (2,2)\},$ $\triangle_{6}(a)=\{(1,0), (3,0), (0,1), (0,3), (1,1), (3,3)\},$
$\triangle_{+}(a), \triangle_{-}(a)=\{(1,2), (1,3), (2,3)\}, \{(2,1), (3,1), (3,2)\}$
4 ATLAS (2) monomial group










$(v, v_{0})=1$ $v\in\Omega$ $\theta(e_{v})=e_{\overline{v}}$




(3) $\theta$ $\theta\sigma\theta$ $U_{3}(3)$
$\theta$ monomial group
diagonal




$d_{E}$ 3.4 7 elementary abelian group
$U_{3}(3)$ $\theta$ $(2^{7}:U_{3}(3))\cdot 2\cong 2^{7}\cdot G_{2}(2)$




$2^{6}\cdot G_{2}(2)$ $Aut(L)\cong 4\cdot Ru$
$Ru$
monomial group $i$ $M\cong(4\cross 2^{6})$ . $G_{2}(2)$
$M\cong 2^{7}\cdot(2\cross G_{2}(2))$
5 ATLAS .3) short vectors
Section 2 short vector (i), (ii), (iii)
monomial group $M$ 4.2 $M\cong(4\cross 2^{6})$ . $G_{2}(2)$
(i) hyperbolic line 4 isotropic vector
$e_{a}+e_{b}+e_{a+b}+e_{a-b} (a, b, a+b, a-b\in\Omega)$
Section 3 $a,b\in\Omega$ $(a, b)=\pm i$ $a$ $b$





Monomial group $M$-orbit diagonal
$63\cross 3$ $U_{3}(3)$-orbit





(63) $\delta(E)$ 1 (16) $(\pm)$





28 $U_{3}(3)$-orbit diagonal $d_{E}$
$a\in\delta(E)$ $a\not\in\delta(E)$ $U_{3}(3)$-orbit
$28\cross 36$ , $28\cross 27$ orbit
Rudvalis 4 $\cdot$ $Ru$ 28 complex lattice $4060\cross 4$
4 (short vectors)




6.1. $(4060\cross 4$ $)$ short vector
56 even unimodular theta series
$1+0\cdot q+(4060\cross 4)q^{2}+\cdots$
$4060\cross 4$ minimal norm $(=4)$
ATLAS
6.2. 2 short vector $0,$ $\pm 1,$ $\pm i$
$\Lambda$ 4060 short vector
6.3. $A$ 0
(4060, 1755, 730, 780) strongly regular graph
$\Lambda$ 6 $U_{3}(3)$-orbit
(iii) 28 orbit $\Lambda_{0}$ $\Lambda_{1},$
$\ldots,$
$\Lambda_{5}$
$|\Lambda_{1}|=63,$ $|\Lambda_{2}|=63\cross 3,$ $|\Lambda_{3}|=63\cross 16\cross 2,$ $|\Lambda_{4}|=28\cross 36,$
$|\Lambda_{5}|=28\cross 27$
$\Lambda_{0}$ $\Lambda_{k}(k=1, \ldots, 5)$ design
(
) $U_{3}(3)$ Ao 2
2-design 24, 8, 17, 9, 12
$(\Lambda_{0}, \Lambda_{1})$ : $2-(28,24,46)$ design
$(\Lambda_{0}, \Lambda_{2})$ : $2-(28,8,14)$ design
$(\Lambda_{0}, \Lambda_{3})$ : $2-(28,12,352)$ design
$(\Lambda_{0}, \Lambda_{4})$ : $2-(28,9,96)$ design





Ao $\Lambda_{0}$ 1 $(\Lambda_{1}, \Lambda_{2}, \Lambda_{3})$
$( \overline{\Lambda_{1}},\overline{\Lambda_{2}}, \overline{\Lambda_{3}} )$
57
$(\Lambda_{0},):2-(28,4,1)design(\Lambda_{0}^{\overline{\frac{\Lambda_{1}}{\Lambda_{2}}}}):2-(28,20,95)design$
$(\Lambda_{0}, \overline{\Lambda_{3}})$ : $2-(28,16,640)$ design
6.4. $X,$ $Y\in\Lambda_{0}\cup\overline{\Lambda_{1}}\cup\overline{\Lambda_{2}}\cup\overline{\Lambda_{3}}\cup\Lambda_{4}\cup\Lambda_{5}$ $X$ $Y$
Ao
$|X\cap Y|\equiv|X|\cross|Y| (mod 2)$
7
(1) Rudvalis monomial
group $M$ $Ru$ $2F_{4}(2)$
4060 1
$2F_{4}(2)$ ( 2 Lie ) generalized octagon
short vector $v$ $v$ short
vector $u_{1},$ $u_{2},$ $u_{3}$
$v\equiv u_{1}+u_{2}+u_{3} (mod (1+i)L)$
$\{u_{1}, u_{2}, u_{3}\}$ line $v=e_{a}+e_{b}+$





zero Conway [1] 28 short
vector (
Rudvalis 2-design
( ), 2007 12 )
( ) Conway
References
[1] J. H. Conway, $A$ quaternionic construction for the Rudvalis group, in” Topics
in group theory and computation” (Proc. Summer School, University Coll.,
Galway, 1973), 69-81. Academic Press, London, 1977.
58
[2] J. H. Conway, R. T. Curtis, S. P. Norton, R. A. Parker, R. A. Wilson, Atlas of
Finite Groups, Clarendon Press, Oxford, 1985.
[3] J. H. Conway, D. B. Wales, Construction of the Rudvalis group of order
145,926,144,000, J. Algebra 27 (1973), 538-548.
[4] M. A. Ronan, A Geometric Characterization of Moufang Hexagons, Invent.
Math. 57 (1980), 227-262.
[5] R. A. Wilson, The Geometry and Maximal Subgroups of the Simple Groups of
A. Rudvalis and J. Tits, Proc. London Math. Soc. 48 (1984), 533-563.
[6] R. A. Wilson, The finite simple groups, Springer, 2009.
59
